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Abstract 

We construct the non-linear realisation of the E$ motion group and compare this with the bosonic 
sector of eleven dimensional supergravity. The construction naturally leads to the introduction 
of a new potential field. We identify this new field with the dual gravity field by considering the 
reduction of the eleven-dimensional theory to three dimensions. 



1 Introduction 



The toroidal compactification of eleven-dimensional supergravity [1] to various dimensions leads to 
hidden symmetries [2-5], which have influenced many important developments. Arguably, they have 
played an integral part in the set of ideas leading to U-dualities and the conjecture of M-theory 
[6,7]. Furthermore, they continue to provide insights into a wide-range of problems associated 
with string/ M-theory. However, the role of these symmetries in the full eleven-dimensional theory 
remains unclear. While these symmetries only appear upon reduction, early seminal work [8, 9] found 
evidence that these symmetries are not merely artifacts of the reduction. They showed that eleven- 
dimensional supergravity can be reformulated in a way that makes the local symmetries associated 
with the global exceptional symmetries E-j and Eg, respectively, manifest. Moreover, they were able 
to assemble some bosonic degrees of freedom into representations of the global symmetry groups. 

More recent attempts in trying to understand these duality symmetries have centred on gener- 
alised geometry [10-15] and related ideas of exceptional geometry [16, 17]. These ideas are based on 
the extension of the tangent space of a geometry to include p-form bundles, and in some cases, also 
an extension of the base space to include dependence on new coordinates that are seen as windings 
of branes. The extension of the space geometry to include windings associated to the branes leads to 
the unification of gravity and the fields sourced by the branes in a single description [18-20]. In this 
approach, the dynamics of fields along the internal directions are formulated in terms of a generalised 
metric that is found from membrane duality arguments [21] or constructed from the duality coset. 
Thus rendering the description duality-manifest. 

In the context of string theory, similar considerations have been made with respect to the T- 
duality group. In the double field theory [22-25] approach to closed string theory, motivated by 
string field theory, all fields are taken to depend on dual (winding) coordinates as well as spacetime 
coordinates. This naturally leads to a generalised geometric structure in which the extended diffeo- 
morphism contains both spacetime diffeomorphism and the gauge symmetry of the NS-NS 2-form. 
The generalised diffeomorphism algebra closes on the assumption that generalised fields satisfy a 
differential constraint, known as the section condition, that reduces their dependence to a subset of 
coordinates. From a physical point of view, the section condition is the level matching condition in 
string theory. While this geometry does not admit some familiar notions of differential geometry, 
such as the usual concept of a connection, it does possess a structure [26] [25] [27-30] that in partic- 
ular contains analogues of the Ricci tensor and scalar — the equation of motion and Lagrangian of 
the low-energy effective description of closed string theory. The generalised geometric descriptions 
of heterotic [31,32] and type II theories [33] [30] [34] also exist. 

The generalised geometries associated with the M-theory dualities admit similar, but richer struc- 
tures given the existence of higher rank p-forms sourced by various branes [14]. As with double field 
theory, the generalised geometries in this context also contain notions of a generalised diffeomor- 
phism algebra that unifies spacetime diffeomorphims and gauge symmetries and closes on a section 
condition [35-37], as well as other structures [38-40]. 

In [20], the SL(5), SO (5,5) Eq, and Ej duality groups were considered and the dynamics of 
the corresponding internal fields were described by a non-linear realisation [41-44] of the respective 
groups seen as subgroups of En. The focus of this paper is the non- linear realisation of Eg. This 
is the duality group of maximally supersymmetric three-dimensional supergravity [45] that appears 
upon the toroidal reduction of eleven-dimensional supergravity [46]. 

As eluded to earlier, a reformulation of eleven-dimensional supergravity with respect to the E% 
duality group was first considered by Nicolai in [9] and elaborated on further in [16]. In particular, 
in [16], the authors provide evidence for a 'generalised vielbein' in the 248 <g) 248 of E% and the uni- 
fication of spacetime and gauge symmetries in the internal directions. The study of supersymmetry 
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transformations and the treatment of the 3-form potential as an independent field is central to their 
argument and what emerges is a structure that can be viewed as belonging to the Eg tensor product 
representation 36 (8> 248. From the perspective of this work, the failure of a generalisation of this 
structure to a 248(8)248 object there is due to the absence of dualisation of relevant fields. Therefore, 
to understand the significance of duality symmetries in the eleven-dimensional theory, it is necessary 
to have in mind a 'democratic formulation' in which the supergravity fields are supplemented by 
their duals, i.e. the 6-form and the dual gravity field [5]. This is not so surprising when viewed 
from the perspective of the reduced theory and the necessity of dualisations for the appearance of 
symmetries. Furthermore, dualisation is necessary in the local SU(8) [8] and SO(16) [9] invariant 
reformulations of eleven-dimensional supergravity. 

Whereas the dualisation of form-fields is well-understood, the dualisation of the metric field is 
more intricate. The interpretation of the curvature tensor as a 2-form field strength of the metric 
field allows for a natural generalisation of dualisation in this context [47-51]. In the linearised theory, 
this leads to actions for gauge fields in exotic representations of the Lorentz group first considered by 
Curtright [52]. It has been argued [53] that the extension of such an idea to the non-linear theory is 
not possible in a local and covariant manner, in general. Although, the existence of isometries is one 
way to circumvent this [50] . In such a setting, the dual gravity field is the dual of the graviphoton 
gauge field. The relevance of a dual gravity formulation in the context of M-theory dualities, in 
particular the En proposal, has been of much recent interest [54-58]. In these papers the possibility 
of introducing dual gravity fields transforming under the gauge symmetries of the matter fields of 
eleven-dimensional supergravity has been investigated. In particular, in [57] the dependence of the 
dual gravity field on the 3-form gauge field and its dual has been predicted from En. 

The E$ duality group is particularly interesting from the point of view that the potential of 
the dual gravity field is expected to appear in the generalised metric for the first time. 1 As has 
been observed in [36, 37], the presence of dual gravity poses difficulties for the formulation of an E$ 
generalised geometry. 

The goal of this paper is to construct the non-linear realisation of the Eg group and compare it 
with what one would expect from the bosonic sector of eleven-dimensional supergravity. In section 
2, we begin by constructing the non-linear realisation of the E% motion group. The main steps in 
this construction are as follows. 

• We ascertain the Eg motion group, which is the semi-direct product of the E% group with that 
of its adjoint representation. The adjoint representation can be thought of as being generated 
by translations. This is analogous to the definition of the Poincare group as the the semi- 
direct product of the Lorentz group with that of its vector representation, the elements of 
which are viewed as translation generators. The Eg motion group is given in terms of an SL(8) 
decomposition of the E$ algebra and its adjoint representation. This is because from an eleven- 
dimensional perspective, the E$ duality group appears in the reduction to three dimensions on 
an 8-torus. Thus, we would like the duality group to act on the eight spatial directions that 
would be associated with the torus under the reduction. 

• We construct the generalised Eg vielbein by conjugating the Maurer-Cartan form of an element 
of the adjoint representation with an element of the Eg group. This is equivalent to calculating 
the Maurer-Cartan form of an element of the motion group and reading off the part that appears 
as a coefficient of the translation generators. Given its transformation properties, this object 
defines a vielbein. 

1 Winding coordinates that can be interpreted as those of a Kaluza-Klein monopole do appear in the E-j algebra, 
but the potential associated with these coordinates does not appear in the generalised metric. 
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• We formulate the Eg invariant dynamics for the eight-dimensional space in a canonical ap- 
proach. In such a description, the dynamics is given by a potential and a kinetic term. The 
strategy in this construction is to write down all Eg invariant terms constructed from the gen- 
eralised metric and fix their coefficients by requiring that the expression reduces to what one 
would expect for the gravitational sector. Once the coefficients are fixed the full expression 
with all fields turned on can be computed with the assumption that fields do not depend on 
the generalised coordinates. 

The potential term that is obtained includes an Einstein-Hilbert term, which appears by con- 
struction; gauge- invariant field strengths of a 3-form (C aoc ) and a 6-form (C ai ... a6 ) potential and a 
term involving a potential with a mixed symmetric Young tableau diagram 

C ai ...a$,b = C[ai...a s ],6- 

Except for the term involving C ai ... a8j b, the potential is the same as that obtained in the E-j non- linear 
realisation [20]: 

y — f>( \ 1 ai...04,&i...&4 p( 4 ) Z?( 4 ) 1„ ai. . .07,61... 67 p(7) p(7) 

v — ^{y) r a 1 ...a 4 r b 1 ...b 4 g| f r a 1 ...a 7 r b 1 ...b 7 

+ 8(8!)^ ^ 9 1 8 '^ 1 ^ 8 ^ a > e l--- e 8.6-^c,/i.../8,d> (1) 

where R(g) is the Ricci scalar of metric g and 

p( 4 ) = A3, C 1 (2) 

1 ai...S4 w [ai ^0,20,30,4,1 i 
F ai...a 7 = 7 {d[a 1 C a2 ...a 7 } + 2 0C [aia2a:j d a4 C 'a 5a(i o 7 ]) , (3) 

560 

Fa,e 1 ...e 8 ,b = ^aPe x ...e%,b ~ 28C[ ei ...e 6 \daC\e 7 e a ]b Cb[ ei e2^e 3 e4,e 5 \9aC\ ef , e7eg ] . (4) 

The antisymmetrisation over inverse metrics is defined as follows 

g a i-°-nM-b n _ J_ ^ a i 6 i . . . g a ™ b ™ + (remaining even permutations of ai, . . . , a„) 

— (odd permutations of 01, . . . , a n )^ . (5) 

From an eleven-dimensional perspective the field strength is the Hodge dual of F^ , while the 
interpretation of F a01 ...b s>c is unclear. Although the structure of the potential C ai ... agi (, suggests a 
relation to the dual gravity field. 

To establish such a relation, in section 3, we dimensionally reduce the bosonic action of eleven- 
dimensional supergravity to three dimensions. The reduced theory is known to exhibit Eg global 
symmetry. Indeed upon dualising the one-forms, the scalars of the theory parametrise the coset 
Eg /SO (Id) and their action is written in terms of the generalised metric. Whereupon, we identify 
the 6-form potential as the dual of the 3-form. Furthermore, the potential C ai ... a8; & is the dual of 
the graviphoton with field strength 

560 

Hi : ai...a$,b = C^Cai...d8,6 — 28C[ ttl ... a6 |^iC|a7a8]6 Ci,[ aia2 C a3a4a5 \diC\ a6a7a8 ] 

in the three-dimensional theory. 

We discuss the possible implications of these results at the end of the paper. 
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2 Non-linear realisation of E$ 



In this section, we construct the non-linear realisation of the Eg motion group. 2 The dynamics 
obtained from this construction can then be compared with eleven-dimensional supergravity. Due 
to the many technicalities and long calculations involved in obtaining this result much of the details 
concerning the calculations have been explained in the appendices for ease of reading. 

As emphasised before, the key ingredient in the construction of the Eg invariant dynamics is the 
Eg generalised metric, which is constructed using a non-linear realisation of the Eg motion group. 
In [20], the non- linear realisation method was used to calculate the generalised metrics relevant for 
the SL(5), SO(5,5), E§ and Ej duality groups. In that paper, the duality groups were regarded 
as subgroups of En and the generalised metrics were found by performing a non-linear realisation 
of .En k li decomposed to the appropriate duality subgroup. As was stressed in that paper the 
only difference in carrying out the non-linear realisation of En truncated to the aforementioned 
mentioned duality groups as opposed to doing the non-linear realisation of the duality group itself is 
an overall factor of the determinant of the spatial metric to some power multiplying the generalised 
metric. The approach that we will take in this paper is to calculate the non-linear realisation of the 
£8 duality group. We comment on the overall factor of the generalised metric later in this section. 

The first step in constructing the non-linear realisation is to find the Eg motion group, which is 
done in appendix A. In order to do this, first the Eg algebra, which is usually written in terms of 
an SL(9) decomposition of Eg, needs to be rewritten in terms of an SL(8) decomposition. This is 
because in the 8+3 splitting of the eleven-dimensional theory that we are considering here, the Eg 
duality group acts only on the eight spatial directions. In an SL(9) representation, the Eg algebra 
is given by the following three generators 

M% V^l, Vg_/3j, (6) 

where the underlined Greek indices are SL(9) indices that run from 1 to 9. An SL(8) decomposition 
of these generators is simply of the form 

M a p, M a 9 , M 9 /3, V a ^, V a/3g , V afh , F Q/99 , (7) 

where lowercase Greek indices run from 1 to 8. The above objects and the alternating tensor e ai ... ag 
in eight dimensions can then be used to define the generators of the particular SL(8) decomposition 
of the £"8 algebra used here 

K a p, R a ^ , R a /3~f, R ai "' a(i , R ai ...a 6 , R al - a8 ' l3 1 i? a i... a8i/ g. (8) 

The precise relation between these generators and those listed above is given in appendix A. Note 
that as emphasised there, the definition of these generators is one particular choice out of many 
possibilities and has been made with the efficient calculation of the non-linear realisation in mind. 
Now the £"8 algebra reduces to a set of commutation relations involving the generators listed in (8) 
(see equations (57)-(76) in appendix A). 

Given the SL(8) decomposition of the Eg group, the next step is to define the translation gen- 
erators. Consider the 248-dimensional fundamental (and adjoint) representation of Eg given by 
generators 

P-£, Z a — , Zaj3j, (9) 

which are of the same form as the Eg generators. The SL(8) decomposition of the trace- free generator 
P—p gives the following generators 

Pa, W a p, W, Z a , (10) 
2 See appendix A for a review of the E$ algebra. 
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where W a p is trace-free. A simple counting confirms that these generators have the same degrees 

of freedom as P—p. Similarly, the totally antisymmetric generators Z~— and Z^p-y are rewritten in 
terms of SL(8) indices as 

Z a ^, Z a/3 (11) 

and 

W a ^, W a p, (12) 

respectively. The precise definition of the above generators is given in equations (86)-(93) in ap- 
pendix A. In addition, the necessary commutation relations and inner products involving the trans- 
lation generators are given in appendix A. 

The E$ non-linear realisation is constructed using the motion group element 

9 = 9WE, 

where 

g E = e ha l3 K°' l3e - s ,C ai ... a3 R a l--- a 3 e g T C ai ... a6 -R Q, l"- Q, 6 g gy C ai .. . Qg i(9 i? Q l " '"8 .Z 3 

is an Eg group element. This group element has been gauge- fixed so that it mostly contains gener- 
ators corresponding to negative roots, i.e. generators of the Borel subalgebra. The only exception 
being the K a p which contains generators corresponding to both positive and negative roots as well 
as Cartan subalgebra generators. This group element introduces the fields 

hoP -i C ai ,,, a3 , Ca 1 ...a 6 ; Cai...Q8,/3- 

The group element 

gi=e x a P ae ^V a pZ a \^v> a ^W a fr eWa ew°p e 2y/toW 

is generated by the translation generators. The coefficient of each exponent in the group element 
has been chosen based on the normalisation of the translation generator, given in appendix A, so 
that the flat metric takes the canonical form 

ds 2 =5 a p dx a dx? + S a ^ 5 dy a pdy lS + <W< dw a ^dw 5 < + 5 5 J^ dw a pdw" s 
+ dwdw + S a ^' Se<: dz a p 7 dz SeC + 5 a p n& dw a ^dw^ 5 + 5 afS dz a dzp, 

where 

ga 1 ...a n ,p 1 ...p n = J_ (qohPi. _ _ _ £a n p n + ( rema i n i ng even permutations of «i, . . . , a n ) 

— (odd permutations of a±, . . . , a n )^ . (13) 
The generalised vielbein is given by conjugating the Maurer-Cartan form of g\ by gE 

P n L n A dZ A = g^ig^dg^gE. (14) 

In this paper uppercase Greek letters denote generalised tangent space indices, while uppercase Latin 
indices denote generalised coordinate indices 3 . 
Using Hadamard's Lemma 



e*y e - x = ^i(ad«X)Y, 



n=0 



s Note that in [20], opposite conventions were used for uppercase Greek and Latin indices 
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where 

(adX)Y = [X,Y], 

and the commutation relations between K a @ and the translation generators, equations (94)-(119), 
we find L u a, the generalised vielbein. This is a 8x8 block, lower triangular matrix that is sextic in 
C ai ... a3 , cubic in C ai ... ag and quadratic in C Ql ... Qg)| g. The generalised metric is given by 

However, for calculating the action, it is much easier to use the following rewriting of the generalised 
metric 

M AB = G C dL c a L D b, (15) 

where 

C a o — rlino-fn i. n dld2 ' eie2 n u u rj lkl n ■ , —-P 1 ^ 1 1 n mi...m 3 ,ni...n 3 xy\ 

^AB — Cliag^at, g , 9g 1 ...g i ,h 1 ...h 3 , 9 9] 2 k 2 g°j 2 °fc 2 ' i '^ ' 9qiq2,rir 2 1 9 )■ 

The index 

A = (a,did 2 ,gi . . . 53, J1J2, 0, mi • ■■m 3 ,q 1 q 2 ,x) 

and similarly 

B = (6, eie 2 , /ii . . . h 3 ,kik 2 , 0,ni . . . ra 3 ,rir 2 ,y), 
where denotes the fact that the corresponding object has no index. Furthermore, 

L A B = en A LV (16) 

where 

e n A =diag( eQ a ,e [ ,/ 1 e, 2] ft ,e 7l ^ ...e 73 ^, 

p. J2 _ I^' 2 Afl 1 Pl f l p , e 3 p kip 92] p V) 

C Jl C 02 g ' Fl ■ ■ ■ m 3\ ' C Cl C C2 > e £ /• 

e a a is the spatial vielbein, 

9ab = Sai3e a a e b P, 
and e a a is the inverse vielbein. The index 

II = (a, /3i/3 2 , 71 ... 73, <5i<5 2 , 0, ei . . . e 3 , C1C2, ??)• 

By introducing L A b, we have removed spatial vielbeine from the generalised vielbein and instead 
only work with the spatial metric. This is more convenient and it is the form of the generalised 
vielbein that will be used to calculate the action. Note that the generalised metric constructed 
from the £^8 motion group, M, is unit determinant. We will consider a rescaling of this generalised 
metric by the determinant of the spatial metric. As was explained in [20] — in particular appendix 
B — this can be thought of as considering E$ as a subgroup of a larger group, En, for example. 
Or alternatively we can think of the SL(8) in Eg as a subgroup of a larger special linear group, 
SL(ll) for instance. This makes sense physically because the theory of course only makes sense in 
eleven-dimensions and we should always view the eight spatial coordinates we have here as being 
augmented by three other directions. The rescaled generalised vielbein that we use is 

tA _ -1/2 f A 
L B — 9 Li Bi 
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where g is the determinant of the spatial metric. The generalised metric that we use to construct 
the dynamics is 

M AB = G C dL c a L D b = 9~ X M AB . (17) 

The components of L A b are given in appendix B. 

We follow the canonical approach of [18] to formulate the dynamics. In this approach, there 
is a potential and kinetic term for the fields. In a duality-invariant description both of these are 
given as a scalar in terms of the generalised metric. In order to find this description, consider first 
the potential and write a combination of terms that reduces to the Ricci scalar when the fields are 
independent of the generalised coordinates: 

V = ^M MN d M M KL d N M KL - l -M MN d N M KL d L M MK - -L M KL d M M MN d N M KL 

+ i'* 2 M MN (M KL d M M KL )(M RS d N M RS ). 
15(248)^ 

M AB is the inverse of the generalised metric. When the fields are taken to only depend on the eight 
usual directions this expression reduces to 

y — r>( n \ 1 a i--- a 4,&i...f> 4 p(4) 77(4) _ J_ ai... 07,61. ..67 p(7) j?(7) 

" — ^{yj 4 gi/ r ai... 04-%. ..64 g! y r a 1 ...a 7 r b 1 ...b 7 

+ ^rtV 1 --- e8 ' /l --- /8 ^,ei...es,6^,/,../s,d, (18) 

where R(g) is the Ricci scalar of metric g and 

-^ai?..d4 — ^[01 Ca 2 a 3 a 4 ] i (19) 

F all.a 7 = 7 {d[ ai C a2 ...a 7 ] + 20C [aia2a3 d a4 C a5a( . a7] ) , (20) 

560 

Fa,ei...es,b = daC ei ...eg,b ~ 28C[ ei eg | ^ a C| e7eg ] j, — Cb[ eie2 C e3e4e5 |9 a C| e6e7eg ] . (21) 

The details of this calculation are in appendix C. The kinetic term can be evaluated similarly and 
contains the kinetic terms associated with the metric and the 3-form [18] and an analogous term for 
the 6-form. Moreover, it contains a term quadratic in time-derivatives of C ai ,... a& ,b- 

The interpretation of the appearance of a field with mixed indices, especially in the form above, 
in the dynamics is unclear. However, the structure of the potential is clearly reminiscent of a dual 
gravity field. In the next section, we show that the potential C ai ...a 6 ,b is the dual of the graviphoton 
in the dimensional reduction of eleven-dimensional supergravity to three dimensions. Thus, given 
the evidence for the relation between dualisation of fields before and after reduction [5, 59], from an 
eleven-dimensional perspective this potential is indeed to be interpreted as a dual gravity field. 



3 Dimensional reduction of the bosonic sector of eleven-dimensional 
supergravity 

In this section, we dimensionally reduce the bosonic part of eleven-dimensional supergravity [1] a 
la Cremmer- Julia [2] to three dimensions and relate C ei ... eg & to the dual gravity field. This is the 
dimensional reduction in which the E$ symmetry appears [46]. In particular the scalars of the 
reduced theory are described by an £ , g/SO(16) coset, which we will demonstrate explicitly in this 
section. 
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The bosonic part of the action of eleven-dimensional supergravity is 

S = J VG (r(G) - ±F ABCD F ABCD - -Le A ^F Al ... A4 F A5 ... A8 C A6A7A ^J . (22) 

Here G is the eleven-dimensional metric, C A bc is the 3-form of eleven-dimensional supergravity and 

Fabcd = ^S\aGbcd\ ■ 

The index notation used in this section is different to that used elsewhere. In this section uppercase 
Latin letters run from to 10, lowercase letters from the start of the Latin alphabet, a,b,c, . . . , denote 
internal indices, while those from the middle of the alphabet, k, . . . , denote 3-dimensional indices. 
The symbol e in equation (22), as elsewhere in this paper, denotes an alternating tensor. 

To perform the reduction, we take all fields to be independent of the internal directions. First, 
consider the gravitational part. We take the following ansatz for the elfbein 



where and e a a are the dreibein and achtbein. In this section, lowercase Greek indices from 
the beginning and middle of the alphabet denote internal and 3-dimensional tangent space indices, 
respectively. We define the three-dimensional and eight-dimensional metrics as follows: 

7*j = e^e/r/^ (24) 
and g ab = e a Q e/<5 Q(3 , (25) 

so that g in expression (23) denotes the determinant of metric g ab . Given the vielbein ansatz (23), 

VGR(G) = ^7 (i*(7) + \l l3 (d ig ab )(d jgab ) - \^(g ab d t g ab )(g cd d 3 g cd ) - \gY k ^ l g ab F, a F kl b ^ , 

(26) 

where 

Fij a = 2d[iBjf 

is the field strength of the graviphoton. 

Under the reduction, the second term in the action, given in (22), becomes 

~VGF abcd Fab CD = ^7 (-^g 2 F^ ka F ijka - l -gF^ h F loab - ±F iabc F iabc ^j . (27) 

In the above expression the indices are raised with inverses of the metrics 7 and g defined in equations 
(24) and (25), so for example 

ipijab -,ik-jl „ac J>d £i 

t =7755' *klcd- 

Moreover, the field strengths 

Fijkc = 3d[iCj k ] c - 6(d[iCj\ bc )B\ k b + 3(d[i\C abc )B\j a B k b , (28) 
Fij b c = 2d[iCj] bc - 2d[i\C abc B\j] a , (29) 
Fiabc = QiCabc (30) 

are defined so that they are invariant under coordinate transformations of the internal directions — see 
[2] for more details. 
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Similarly, in terms of the gauge-invariant field strengths defined above, the Chern-Simons term 
of the action reduces to 

— Y23"v/7v / 5 e "' 6 1 8 ^3i^j ai02 .Ffc a3a4a6 — Fia^a^Ca^a^Fjk ^ C a6 a 7ag . (31) 

In obtaining the above result we have integrated by parts twice and used 

F%\aia2a:i\ Fj\a4a^a@ ^aja^ag] 0- 

Putting together equations (26), (27) and (31), we obtain the action for the reduced theory 
S (3) = J V7 (R(l) + \^{d ig ab )(d 3 g ab ) - \^(g ab d t g ab )(g c %g cd ) - \ gi ik ^ 1 g ab F l3 a F kl b 
L n 2 F^ ka F -i --a F ijab F u — F iabc F t. 

I'jka g A ijab ]_2 C 

23 V5 e ^ ^ 1 8 (^Fij aia2 F ka3a4a; . Fi aia2a3 C aA a 5 ijFjk ^ C a6a7a8 ^ . (32) 

We are interested in the scalars of the reduced theory because it is these that parametrise the 
E 8 /SO (16) coset. From the above action we can see that the scalars of the theory are 36 g ab , 56 
C abc . Furthermore, since we are in three dimensions, one-forms are dual to scalars so we have 28 + 
8 scalars from dualising the one- forms A iab and B^. Therefore, in all we have 

128 = 248 - 120 = dim(£ 8 ) - dim(SO(16)) 

scalars. We concentrate on the action of the scalars and one-forms and augment the action by a 
Lagrange multiplier that imposes the closedness of the one-form field strengths. 

■ f 1 



S' (3) = J v^{^7 y '(^5 a6 )(^5a6)-^7 u '(5 a6 ^ 5ab )( 5 c ^ J < 7c(i ) 



- \g^ k l 3l 9a h F l3 a F kl h - l -gF^ ab F ljab - ±F iabc F iabc 

~ ^ e 1 8 ^-^ijai 02-^030405 — Fi ai a 2a3 C a4Cl5b Fj k ^ C a 

--^ k diF jk a + l -r h e^ k (diF ]kab - 2F iabc F jk c ) j . (33) 

On a three-dimensional manifold with trivial homology, integrating out ip a gives 

Fij a = 2d[iBjf 

for some B. While the equation of motion for the second Lagrange multiplier, ip, gives that 

Fjkab + 2Fj abc B k 

is closed, from which we recover equation (29). Therefore, this first-order formulation is, at least 
classically, equivalent to the action for the scalars and one- form of the original reduced action . 
Hence, Fi kab and Fij a are independent fields not given in terms of potential forms. By integrating 
out these fields we dualise the one-forms of the original action, Bf and Ci ab , into scalars ip a and ip ab . 
In fact, this is the reason why these duality symmetries are sometimes called hidden symmetries. 
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The symmetry is only manifest after equalisation of some of the fields. The new action that we obtain 
is 

€Ls = J ^(^mgab) -\^(g a %g ab )(g c %g^ 

_±_^3 g abc4ef diCabcdjCdef _ ^gab^^ _ _Lyi g^Q^Gj^ , (34) 

where, g a i- a n.M-bn [ s defined as in equation (5). g ai ...a n ,bi...bn 1S defined analogously. The new fields 
in the action are 

Gl ab = g^d^ ~ ^6 afcci - C6 C ClC2C3 ^C C4C5C6 , (35) 

G ia = g-^dwa ~ l^g'^^Cab. - ^e^Ca^a^diC^. (36) 

Defining 

C ai ...ae = 2^ ^ e a\...<X6bc t l ) i (37) 

C ai ...a s ,b = g 1 ^ 2 £a 1 ...a e , L Pb (38) 

we can identify these fields with the dual of the 3-form and the dual gravity field. With this notation 
for the fields the action of the scalars in three dimensions can be written 

7i 



iL = / : ^(d l9 ab )(d,g ab ) -^{g^ dl g ab W d d jgcd ) 



~ 8(8!) ^ 1 S ^ ^' ai --- a 8' c ^J , ' ai --- a 8> c ^ ' (^) 



where 



Hi t ai...ae — <9iC ai ... a6 20C[ aia2a3 |9jC| a4a5a6 ] , (40) 

Hi >ai ...ag,b = diC ai ...ag,,b ~ 28C[ ai _ af3 1 9jC| a7ag ]b — Cb[ aia2 C a3a4a5 \diC\ a( . ara8 ] . (41) 

As expected, since the scalars in the reduction parametrise the -Es/SO(16) coset, action (39) can be 
written in terms of the Eg generalised metric, (17), in the following way 

S^Ls = ^f j a i M KL d j M KL + ^^^(M^MK^M^d.Mns), (42) 

where the uppercase Latin indices in the above equation run from 1 to 248 as in section 2. Note 
that the calculation of the above terms is identical to the calculation of the potential in appendix C. 

Comparing equations (41) and (21), we can see that it is the dual gravity field that appears in 
the potential in section 2. This is in contrast to the Eq case considered in reference [20] where the 
6-form field could have appeared in the potential but didn't because there was an antisymmetrisation 
over 7 indices. In the potential given in equation (18) there is no antisymmetrisation over the first 
9 indices of i ? a ,fei...fe s ,c so the dual gravity field appears. From a technical viewpoint, this is because 
C ai ...a s ,b has mixed indices. Note that, in contrast to the field strength F a ^ ei ___ e6 ^ defined in equation 
(21), the gauge invariance of Hi aias b from a three-dimensional point-of-view is very clear to see. 
This is because in the reduced theory, the fields C a b c , C ai) ... a6 and C ai ... a8i b are scalars. 



10 



4 Discussion 



In this paper, we formulated a non-linear realisation of the Eg group and found that the dynamics 
includes a new field C ai ... a8i 6 with mixed Young tableaux indices with field strength i ? a ,6i...6 8 ,c- While 
the gauge-invariance properties of i ? a ,bi...b 8 ,c are n °t clear, we show tantalising links with dual gravity. 
Our difficulty in establishing the gauge-invariance of the field strength is related to the difficulty in 
formulating a generalised geometry for E% [36,37]. In both cases, knowledge of the transformation 
of C ai ... 08) b under gauge transformations is a requisite. 

In reference [37], the authors were unable to write down a generalised Lie derivative, even though 
they showed that the gauge structure leads to the correct counting of the degrees of freedom. While, 
as in [37], we cannot determine the gauge transformations of C ai ... ag we unambiguously show that 
if the field strength is to be gauge-invariant, the new field must transform under 3-form and 6-form 
gauge transformations. This result establishes the possible dependence of the dual gravity field on 
the eleven-dimensional matter fields, namely the 3-form gauge field and its dual and may provide a 
basis for evading the no-go theorems of [53,54]. This leads us to speculate the exciting possibility 
that eleven-dimensional supergravity can be formulated with a dual gravity field because of the 
existence of a special matter content imposed by super symmetry along the lines also proposed by 
En. We leave a precise description of such a possibility for future work. 

Acknowledgements We would like to thank David Berman, Chris Blair, Axel Kleinschmidt and 
Hermann Nicolai for discussions. HG would like to thank the CERN theory group, where part of 
this work was done, for their hospitality. MJP is in part supported by the STFC rolling grant 
STJ000434/1. MJP would like to thank the Mitchell foundation and Trinity College Cambridge for 
their generous support. 
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A Eg motion group from Cartan's representation 

In this appendix, we find the algebra of the Eg motion group, where the translation generators of 
the motion group form the 248-dimensional representation of Eg. In particular, the algebra of the 
E% motion group decomposed to SL(8) is found. 
The .Eg [60] group is generated by 

M^V^Vafr, (43) 

where underlined Greek indices run from 1 to 9. In terms of these generators the E% algebra is as 
follows [60]: 

[M-p, Mle\ = 5}M\ - SfMlp, (44) 

[M-p, V2i-2s] = 35 l ^Vl2l 3 ^ - hfVli-li, (45) 

[M-p, V^J = -35f 2 V l2lJ p + IsfV^, (46) 

[VSi-as, Vp^pJ = m^fM~ i] ^ (47) 

[y«i-« 3) y^i-^ 3 ] = -—^&^!U!Uh.l&hVi ... 7 , (48) 

[Va 1 ...a 3 ,Vp v ..pJ = ^ e « 1 « 2 «3^ 1 ^^7 1 7 2 7 3 yl1 " ' l3 ' ( 49 ) 

where 5^ is the Kronecker delta symbol and e^-ag is the alternating tensor in nine dimensions. 
Furthermore, 

The Eg algebra is expressed in terms of an SL(9) decomposition of Eg. In this paper, we are con- 
sidering the action of the Eg duality group along eight dimensions. Hence we require an SL(8) 
decomposition of the algebra. This is easily done by defining Eg generators in SL(8) representations 
as follows 



K a p = M a p + 5 a pY J M\, 


(50) 


7=1 






(51) 


Rafi-y = Vap-yi 


(52) 


Rai ...a 6 = _l e ai...a 6 ^7^ 7flj 


(53) 


Rai...a§ = ~~^a.\...a.§fi"iV ^ j 


(54) 


jja 1 ...as,/3 _ \ ai...as 

2 


(55) 


Rai...as,P = ~^a\...u%M p, 


(56) 



where Greek indices are SL(8) indices. The alternating tensor in eight dimensions is induced from 
the nine-dimensional one in the following way: 

_ j ,ai-a8 _ f a!...a s 9 

c ai...ag — c ai...ag,9 aim e — c 
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Using equations (44)-(49) and the above equations, we find the E% algebra given in terms of an 
SL(8) decomposition. The commutation relations of the GL(8) generator are 




(57) 
(58) 
(59) 

(60) 
(61) 
(62) 
(63) 



[K a i3,R~ n ...~ /8 ,s} = - 8 ^[ 11 R \I3\ 12 ... J8 ],S - $S #71-78, P- 



These are the expected commutation relations of the GL(8) generator K a p with the other generators. 
The generator K a p has been shifted by M 7 7 in such a way that its commutation relations with 
the R generators do not contain any S a p. Other choices can be made, but this choice is more 
convenient and makes the non-linear realisation calculation easier. Furthermore, with this choice 
the trace of K a p, 



K => K 1 



7' 



7 



counts the index of the GL(8) representations 




[K, R a i- a 3] 

[K, Raj ...03] ' 

[K, iT 1 -" 6 ] 



= 3R 
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The rest of the commutations relations in the SL(8) decomposition are 

[R? 1 - a3 ,Rl 3l "< 3 *] = _3^i-Ai[«i«3.«s] j ( 65 ) 

[R a ^,R Pl ... k ] = 185^ W2 K^ m - 28%1;;;%K, (66) 

[R ai - a3 , R^e] = ^■■JR^.. M , (67) 

[R ai - as , %... A>7 ] = H2 (^^... Ab " ^KS"^»-A]) > ( 68 ) 

[i?— 6 , = -60^:;;^ 3 i?— «], (69) 

[ff*-- , = -9(5!)^;;;;^!^ + 5!«5«if, (70) 

[^- a6 , %... A>7 ] = ^7! (^ 2 .^ 6 %..., 8] - ^^Ah) , (71) 

[i? ai - Q8 ^, i? 71 ... 73 ] = -ii2 (4^;. 7 3 3 ^ Q4 - a8]/3 - ^fe 2 ^ 3 '"" 81 ) > ( 72 ) 

* ^...,3,,] = (74) 

[-Rai...a 3 ) -R/3i.../9 3 ] = 2i? ai a 2 a 3 /3 1 /3 2 /3 3 , (75) 

[-Rai...a 3 >-fr/8i.../3 6 ] = ~ 3-^/31. ..^[ai^.as] • ( 76 ) 

All other commutation relations vanish. 

Since we are interested in the motion group of E& with the translation generators in the adjoint 

representation of Eg, it is straightforward to find the algebra of the motion group from the Eg 
algebra. Define translation generators 

Note that these are of the same form as E$ generators, (43), and they satisfy analogous commutation 



relations with the E% generators 

[M—p, P\] = 5jP\ - SfPTp, (77) 

[M^pX-^] = SS^Z^ - Up 1 ^, (78) 

[M%Z Jv .. l3 ] = SSf^Z^p + ^p 7l ... 7a , (79) 

[yai-os , p^] = -35^ Z-*-^ + -5^--\ (80) 

[ySLi-Ss,^-^] = --A^^hhhTa^Z^ ... 7 , (81) 
3! — 1 - 3 

[V*-a»,%.^] = IS^gP^]^,, (82 ) 

[K*!...^) R— 7] = 3^ i ^a 2 a 3 ] 7 ~~ 3) (83) 

[^,.. fe ,^ 1 -^] = -18^P^U]' ( 84 ) 

[^...03, ^-^3] = ^"i^s^A^t^^ 1 ''" 3 ' (85) 
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We similarly decompose the translation generators into an SL(8) decomposition: 







w = - 


8 7 ' 


r?a/3-y _ 


8 






w aP = 




z a = 


pa 



Pa = P\, (86) 

W a) 3y = —Z a p y , (88) 

W^ = -P^ + ^^P\, (89) 

(90) 
(91) 
(92) 
(93) 

Other normalisations can be chosen for the translation generators. However, the above choice of 
normalisation for the generators is made in order to make contact with the generators found when 
decomposing the l\ generators of En into GL(3)x£^s [13] 

P a , Z a ?, Z a ^ = L e a ^W a6 ... as , 

gai...O7,0 _ _ e ai...asyyP r, ai ...ag _ _ e ai...asyy 

7! 8! 

^ai—as,0-yS _ ^a\...as ^0j8 r?a 1 ...a 8 ,f3 1 .../3 (i _ _^a\...as e 0i—0sy^^ p 
^ai...O8,0i—08,J — e ai—as e 0i—0s £7 

The generator z ai '" ar 'P satisfies 

£[01-07,0] _ Q 

because W a p is traceless. The l\ representation of En is the highest weight representation where 
the highest weight corresponds to the Pi translation generator. Recall that the roots of an algebra 
correspond to the group generators, while the weights of a representation correspond to the trans- 
lation generators, which generate a particular representation. In [20], the truncation of En x l\ to 
the SL(5), Eq and £7 motion groups was shown to lead to correct duality- invariant dynamics. 

The commutation relations of generators (86)-(93) with the Es group generators are found by 
inserting the SL(8) decomposition of the motion group generators into (77)— (85). Here, we list the 
commutation relations that are required for the non-linear realisation of the E% motion group. The 
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commutation relations of the GL(8) generator with the translations generators is 

[K a fi ,P^ = -S^Pp-S a pP y , (94) 

[K a p , Z^ 5 } = 25 [ Jz\ a W - 5 a ^\ (95) 

[K a p,W lS e] = -36$W Se]p , (96) 

[K a p , W* s ] = 5}W a s - 5 a s Wl (97) 

[K a p ,W]=0, (98) 

[K a f 3 ,Z^ 5e ] = 35 [ JZ 5 ^ a , (99) 

[K a p, W^s] = -^W m + 5 a pW lS , (100) 

[K a ^Z^} = 5}Z a + 5 a pZ\ (101) 

These commutation relations are needed in order to find the dependence of the generalised metric 
on the 8-dimensional metric. To find the dependence of the generalised metric on the 3-form and 
6-form fields the following commutation relations are required 

[R a i- a *,Pp] =3df 1 Z a2as \ (102) 

[R ai - as , Z^} = -e ai - a3 ^ 5l - 63 W Sl ...8 3 , (103) 

[R a ^ a3 ,W fil ... P3 ] = IM^W^m, (104) 

[R ai - a \W^] = 246^ Z a2a3]l3 - 3S^Z ai - a3 , (105) 

[R ai - as ,W} = Z ai - a3 , (106) 

[ jR ai...a 3> ^i...A J ] = _l e ai...a 3 /3i...ft75 W ' 7(5) ( 107 ) 

[R ai - as , Wfr] = 6S [ ^ ia2 Z as \ (108) 

[R ai - a \Pp] = \e a ^W a7a ^ (109) 

^ai...Q6 ) = e ai - a6 ^ s W^g - e ai - a6/37 W, (110) 

[i? Q1 - ae , w h ...p 3 ] = m5 [ ^-;2z a ^\ (in) 

[i2ai-«6 )W r^] = 4e«i-«60*w 7a _ I^ e «i-«65 W(5e) ( 112 ) 

[ d Rai-a6 j flf] = _i e «i-a6^7l^ 87> (113) 

[^«i-«6 ^/3i---/33j _ _ e ai...Q6[/3i/92^/93] (114) 

Finally, as the generalised metric is found by conjugating the translation generators by the Eg 
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generators corresponding to the positive roots, we also need 

[#*i-"8.0 p 7 ] = _^i...aa w p^ _ ^^«i-« 8 ^ ( 115 ) 

[R ai - a8 'P, Z 7<5 ] = -4e ai ■ ■ - a8 Z^ s , (116) 

[Rai ...a a ,^ w ^ 3] = (117) 

[H* 1 - *'?, W^ s ] = 4,5^e ai - as Z^ - -6]e ai - as , (118) 

Some of the commutation relations involving the generators corresponding to negative roots are 
listed below: 

[R ai ... a3 ,Z^] = 66$ ia P a3] , (120) 

[R ai ...a 3 i W/3i.../9 3 ] = .a 3 /3 1 .../3 3 7<5 2 " ) " 5 ' ( 121 ) 

[R ai ...a 3 ,W^\ = S6^ a W a2a3]l - |^W Ql ... as , (122) 

[« ai ...a 3 ,^] = V ai ... Q3 , (123) 



1 



[R ai - as , Wfr] = -^e ai ... a3 ^ 5l ...s 3 Z 5l --- 5s , (125) 

[R ai ... a3 ,Z^]=3S^W a2a3] . (126) 

We take the translation generators to mutually-commute. 

The normalisations of these generators are needed in the calculation of the generalised metric 
using non-linear realisation. Denoting the Cartan involution of a generator X by X* , we can define 
an inner product on the representation space generated by the translation generators [20] 

(A,B*) G M, 

where A and B are translation generators. The inner product is Eg invariant 

([X,A],B*) = -(A,[X,B*]), (127) 

where X is an Eg generator. 

The Cartan involution interchanges negative and positive roots. Therefore, 

^ p ~ " a: Jrt oi...a3) 11 - rt ai...a6> - rt ai...a8,p- 

We define 

22*«i-«3 = - J R ai ... a3 . (128) 

The relative signs of the Cartan involution of the other generators is fixed by the above relation and 
consistency with the Eg algebra. For example, the Cartan involution of equation (66) 



[R* Ql - Q3 ,iT ft. 


..*] 


= 185 [Qia2 [/3l/ 


?2 iT 


a 3 


l m 


2r) ai ' 




^ [-^cti ...0:3 ? 


-fe] 






a 3 


'#»] 


- 2fS ai ' 
Z0 /3i. 


.-; 3 3 ^* 


-[^-^, J R a , 


..03] 


= 18<5 [Qia2 [/ 3 1/ 


3 2 K* 


a 3 


'jS3] 


— 9/> ai ' 
ZC '/3i. 
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which from equation (66) gives that 

K* a f3 = —K@ a . (129) 
Similarly, the Cartan involution of the rest of the generators are 

R* ai - a6 =R ai ...ae, (130) 

R* ai - a8 'P = -R ai ...as,p- (131) 

Now to find the normalisation of the generators, we first define 

(P a ,P* ) = 5i (132) 
The normalisation of all other translation generators are now fixed. For example, consider 

(Z<#,2% ! ) = ±{Z°f l ,Zy)%, 

= l -{Z^,- l -[R^P* r >]) 

from the Cartan involution of equation (102). The E% invariance of the inner product, (127), allows 
us to write the inner product in terms of equation (120), hence giving 

Similarly, from equations (103)-(108) and equations (121)-(126), the inner product of the rest of 
the translation generators is 

,.IP - ; M (i^;;;;-;-;. (133) 

(W a p,W* 1 s ) = 5«S S p-±5%5 s T (134) 

(W,W*) = l, (135) 

(z-•••-^z^ 1 ... & ) = |^ 3 ^ (136) 

(W a ^W^) = yi% (137) 
(Z a ,Z*p) = ±6l (138) 
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B The Generalised Vielbein 

In this appendix we give the components of L A b, which is related to the generalised vielbein by 
equation (16). The components of L A g, see figure 1, are 



{Lll) a b 
(L21) dld2 b 



(£31) 



9i92g:i 



(£41 V 2 b 



(LSI) b 

(£61) 



(£71) 



9192 



(£81) 



x b 



eie2 



(L22) dld2 
(L32) 919293 6162 

(L42) h j2 6162 

(L52) 6162 



°b > 



Cdid,2b, 



V2 

^ §\3ijjg293] 
2^2 b 4^/6 



(139) 
(140) 



1 



(141) 



1 

24 
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- 1 - / «l«20 Ly j 



4^/2 4^/2 

\P\ 1 

V _ /"» , V , -L- ^ , TJU1U2 

b t mim2 m »] ^g^g°MiM20rrtim 2 m 3 L / 



+ 48^/6 ^^m™ 32 ^g 



4y/2 



(~i vu\q\q2 ytU2U3 



C! ,TTUiqiTTU 2 q2 

8V2" " u AV2 UlU2b 

+ 24^2 U1U2U3 6 + geov^ 
11 1 1 

__VV, C ,TJuiU2\r 1 i~i ,rrui«2y r< ^mi«2M3,v 

^ 1 X 1 b ^-^U\X b u 1 U2 ~T g ( -'MlM20>- y - 1 £ ^g L/ ^«lM2 " ' 

1 r< , T JU\U2 J TU3U4 ' VUl.-.U-i ttu 4 u 5 s-i 

t ^2 x < )u i--- u 'i 384 < - y ui...M5£ 



(142) 
(143) 



(144) 



(145) 



u 3 



1 _ r< , n , Y Ul --- u '-i,TT tlt2 
128 ^* 1<2 ' M2 " 3 



1 



16(6!) 



Cu 1 U2hC Us t2tgX 1 A xX 1 3 fr, 



reie2 



_y9l9293 e l e 2 



2^3 

1 X j2eie2 h + -Lu j2 t ei 6? ] + -^<5f f/ eiea , 

4^ 3 V2 n 8^/2 n 

1. 



— _[/ e l e 2 



(146) 
(147) 

(148) 
(149) 
(150) 
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^?y r <fie 2 L 

2 l m l m 2 m 3 ] 24\/3 ' 



/'rco^i eie 2 _ v _ y. reie2 _ T /-ui-U2tt3eie 2 



8\/3 m 3P v 10 ^ 

(L72) qiq2 eie ' 2 = — — V qiq2eie ' 2U Y u + l[/[<?il e l^rk2]e2 _ lj^eie 2 [gi ^jj<J2]m _ _J_ q\1iu^e\e 2 t^ 

4 4 8 192 

(152) 

(L82), eie2 = --L^y^l + -Lx ei£2 \Y u - -^jf e ^ 2 Y x 

i ' T/eie2WiM2«3 7T M 4W5r Y ' r yteie 2 rrui« 2 

+ ^jf u ^... u , x -^f t[uiU2 x x] u 

+ ^^C^X"™^^ (153) 

(L33)"»» hlh2h3 = 9 - 1/2 tt, (154) 
(L43) jl ^ 2 hlftah3 = -\j\g- 1/2 (c n[hlh2 5l 2 3] - \5fC hlh2h ^ , (155) 

(£53) /lifa/ig = -^|5 , ~ 1/2 CAi/i2/i3' ( 156 ) 

(-L63) mim2m3 h\hihz = ~y^3 ^ {pm\m 2 mzh\h 2 hz ~ Cm\m 2 mz Ch\hih% + 9C[mim 2 | [|/ii Cfo 2 /i3|] |wi3] ) > 

(157) 

(^73)** = -^<r 1/2 (%<C 2 3] + Cu^tpfedjJ + \c hlh2h ,u q - q2 

+ lx^ [hl C h2h3]u ^ , (158) 



^ L/ «i« 2 [^1 l ~ / /l 2 /l3]:r ( - 7 2 xu l {hi U /l 2 /l3]lt 2 1 



+ ^^ Ul " 2U ^ C '«l«2[ftl C '/» 2 M«3^ ' ( 159 ) 

(L4%* \ 2 = g-V* (S»% - Isp^ , (160) 
(L54) k \ 2 = 0, (161) 
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(L64) mim2m , 3 kl k2 — ~\j~^9 ^fe[inim2^m 3 ] " g^^ m l m 2 m 3 j ' ( 162 ) 

(L74)<^ 2 k \ 2 = ^g- 1/2 (u kl[qi 5f} + ±6%U™ + Jx fel <^ 2 fe2 ) , (163) 
(L84), k \ 2 = -1 5 -V2 (Vrf _ l^y x _ |^C Ullla]fca tP^ + ^-/ k \C XUlU2 U^ 

+^X klUlU2 k 2 C XUlU2 ^ , (164) 

L55 = 5 ~ 1/2 , (165) 

(iv65) mim , 2?Tt3 = -^-j=g / C rnirri2rn . A , (166) 

(L75) 9192 = i 5 - 1 /2 [/ 9i?2 ) ( 167 ) 

(L85) a = "^T 1/2 - ^C^t/" 1 " 2 ) , (168) 

mu m n ™ = ir 1/2 «s«, (169) 

(L76) 9192 nin2 ™ 3 = - g~ 1 / 2 ygig2Tnra 2 n 3 ^ (170) 

(£86)^ nin2 ™ 3 = ~-0=9~ 1/2 ^ [nina <JS 3] - ^X niri2n3 ^ , (171) 

(L77)^ 2 rir2 =^% 2 , (172) 

(L87) x rir2 = ——j=g C xrir2 , (173) 

(L88) x " = rt- (174) 

All of the lowercase Latin letters denote SL(8) indices. In the above expressions g is the determinant 
of the spatial metric, 

V 01 - 08 = ^e ai - a8 C a6 ... a8 , (175) 

X a 1 ...a 3() = ^-^c^, (176) 

^a ia2 = i. e a 1 ...a 8C ' a3 ag; (177) 

Y b = y*~«*C ai ... as , b . (178) 



The e tensor is the alternating tensor in eight dimensions. 
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to 
to 



/ (Lllf 



(L21) dld2 b (L22) dld2 e ^ 



(L31) 91 - 93 6 !7.:52)'' ' ' •' !/.:}:'» )•' -•* /, .../,, 



(L4%* 6 (L42),-* e ^ 2 (L43)^ 2 h ,..^ 3 (L4%* S 2 



(L51) 6 (£52) e i 62 (L53) ^...^ 



(L54) fcl 



fc 2 



L55 



(L61) mi ... m3 6 (L62) mi ... m3 6162 (L63) mi ... m3 hl _ hs (L64) 



kl k2 (L65) 

mi...m3 V J ^ ul -V'Til ...H13 



(L66) r 



ni...n3 



V (L81) x6 (L82) x e ^ (L83) x ftl ... fts (£84)**% 



\ 



(L71) 9192 6 (L72)^ 6162 (L73) 9192 ^...^ {L7A)w kl k2 (L75) 9192 (L76)^'? 2 "i-™ 3 (L77) qiq2 riT2 



(L85), (L86) a 



ni...ri3 



(L87)a; rir2 (L88)a; V 



Figure 1: The generalised vielbein 



Similarly, the components of the inverse generalised vielbein E ' see figure 2, are 

(Ellf b = 51 (179) 
(E2l) dld2 b = —j=C dld2b , (180) 

(E31) gig293 b = 7^9 l/2 (s b 91 U 929 ^ - ^X 91 - 93 ^ , (181) 
(EAl)^ b = -1^/2 (x u ^ h C ulU2b - 12C ujlb U u » - QSi 2 C UlU2jl U u ^ 

+lsfC ulU2b U u ^ + V2g»Y h - |djy 6 ) , (182) 

(£51) 6 = "^5 1/2 (n - \c uiU2b U u ^ , (183) 

CPfil 1 ! — ^ r, 1 / 2 ( C V —f< TT 

iyjzjv±) mim2m3 b — _(/ I Lyf,[ minl2 I mz\ nA ^uiU2bmim2m 3 V 



2^/2 y L/ b[mim2 1 m[ i ] ^ u l u 2 bm l m 2 m 3 

K 

1 _/^ r Z" 1 TJU1U2 



TU\U2 



"I" C«i [m\m,2 Cmz]u2U-j,X 3 b ) , (1^4) 



(E71)^ b = -^j=g (5 [ h u U^Y u - l -X 9 ^ u b Y u + ±-V^ u ^ U3 C bui ... u ,U u ^ 

+-L Cui[u2U3 X u ^ b] U u ^ - ^Lc uiU2U3 X u ^ t X tu ^ , (185) 

_j L/" 1 VU-1U2U3 j ;}_/"( TTUiU2TTU 3 U4, 

12 MlM2 o- £ U3 ~r ^g < - / a;6Mi...n4 ( - y 17 

I y«i-»a rr«4«5f , Lr* r f7,, V-U1...U3 77*1*2 

+ i ^C Ultt2(l C U3M3 I« 1 -"^ (l '-sj , (186) 
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{E22) dld2 ^=5H, (187) 



(E32) 919293 6162 = ——^—g 1 / 2 V 9l929 ' ieie2 , (188) 



(E42)jJ 2 6162 = ~^9 1/2 (x^^^+AU^Sf^ + ^5fU eie2 ^j , 



(189) 



(£52) 6162 = -i^f/ 6162 , (190) 
(E72) qiq2 6162 = — -g ^y qi92eie2U Y u — JJ^ ei U^ e2 

+ \ X qiq2[ei uU e 2 ]u + J_ X ^ q2U t X eie2t u J , (192) 

2 48 y 

(^82), eie2 = -^1= 5 (W 1 ^ + ^x eie2 \Y M + i[/ eie2 y, 

^/^< jjeiui jje2U2 j yMi«2[ei rre2]ti3 

+ ^C tMlM2 X"™ :E X eie2t U3 ) , (193) 

(J533)"»"» fclfcaha = ff^CS, (194) 
(£43)^ ^ 2 ^ = yis 1 / 2 (c,- l[fclfca ^] - \5fC hlh2h )j , (195) 

(£53) hlh2h3 = -L= g i/2 Chlh2h3 , (196) 

(£63) mim2m3 h\hihz = ^ {pm\m<zmzh\h-2,hz + C mim2m . A Cf ll h2h3 — 9C[ mim2 |[|/ ll C/ l2 / l3 |]| m3 ^ , 

(197) 

(£73)^ 2 hlh2h3 = - ^V^ m C umM3 

+-^X Uqiq2 [ hl C h2h3]l ?) , (198) 



(£83) x /i 1 fe 2 /i 3 — 2yJ~2^ i^ x ^ hlh ' 2 24^ 1 2 ^ hlh ' 2h 3 xulU2 J2^ * 2 3 X ^ U1U2U3 ^ 11 ^ 12 ^ 3 



48 3J l - / UlU2[/ll l - y /l2fc3]w3 I ' 



(199) 
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(£54)^=0, 

{EQA) mim2m . A kl k2 = \j^9 1/2 (^k2[mim2 S m 3 ] ~ g^te^' 

(E74)™ k \ 2 = ~g (u k ^6%j + \s k k \U^ - \x k ^ k )j , 
(E84) x % 2 = \g {v k2 ^ - \b\\Y x + C xuk2 U uk i - ±6*C t 



y mim2m:j I j 



XU1U2 



£55 = g 1 ' 2 , 
(EQ5) mim2m3 = — -^=(7 ^ C mim2Tn31 

(E75) qiq2 = ~gU qiq2 , 

(E85) x = -^=g (y x - \c xuiU2 U u ™ 



( TP(\P.\ nin2n-i _ n l/2rnW2n3 

y-nvu) mim2Jn3 —g u mim2 m 3 > 

(E76) qiq2 711712713 = - q y?l ( ?2"l"2"3 

(£86)^ nin2n3 = ^=g (u^ n2 5 n / + -I" 1 " 2 " 3 ^ , 
2\/2 V 6 / 



(E77r q2 rir2 =g5 q l q2 2 , 
1 

72 

(£788) x " = ^. 



(.E87) x rir2 —gC xrir2 , 
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to 

OS 



/ (Eny 



(E21) 



d±d2 b 



(E22) dld2 ^ 



!/•::'» 1 " : ,, !/-::'»2 (E33) 91 - 93 hl ... hs 



(£41)^ 2 b (£42)^ 2 ^ (E4S)j» hl ... hs (£4%* fc * 



k 2 



(£51) b (£52) 



eie 2 



(£53) hl . 



.hz 



(£54) fcl 



k 2 



£55 



(£61) 



m\...mzb (£62) frai ... m3 1 2 (£63) mi ... m3 h\...hz (£64) mi ... m3 1 fc 2 (£65) 



mi.. .1713 (£66) mi ... m3 



ni...n 3 



V (£81). b 



(£82), e i £2 



(£83) 



x h\...h% 



(£84), (£85), (£86) a 



\ 



(£71) 9192 b (£72)5192 e i e2 ^S)'? 1 '? 2 hl ...h3 (£74)9192 ^i fe2 (E75) qiq2 {E7Q)w ni - na (E77) qiq2 riT2 



ni...n 3 



(£87), rir2 (£88), V 



Figure 2: The inverse generalised vielbein 



C Calculation of potential 

The potential of the canonical formulation of eleven-dimensional supergravity is given by 

V = ^M MN d M M KL d N M KL - l -M MN d N M KL d L M MK - ±-M KL d M M MN d N M KL 

23 

+ 15(248)2 M MN (M KL d M M KL )(M RS d N M RS ), (215) 

where Mab is the generalised metric, (17), found from the non-realisation of the E% motion group 
and M MN is its inverse. The indices run from 1 to 248 and represent the adjoint representation of 
E$. In the decomposition of this representation by SL(8) irreducible representations, 

248 = 8 28 56 63 1 56 28 e 8, 

we find the eight usual spatial directions along which the duality is acting along with 240 other 
directions that correspond to winding modes of branes. To produce a usual supergravity de- 
scription from the duality-invariant description, from now on we take all the supergravity fields 
9ab, C abc , C ai ... a(i , Cai...o 8 ,6 to be independent of the winding coordinates. Lowercase Latin indices are 
spatial coordinates and run from 1 to 8. 

The coefficients in equation (215) are fixed by requiring usual diffeomorphism invariance. Equiv- 
alently, they are fixed by requiring that when the gauge fields are zero the potential reduces to the 
Ricci scalar of metric g. We now find what the potential is in terms of the supergravity fields. 

Since M AB is the matrix inverse of the generalised metric, 

M AB = G CD E A cE B D ^ (21g) 

where E A b is the inverse of the generalised vielbein, 

rp A T B X A j A rpB 
& BL> C = C = L, b& C 

and 

G AB = di a g(g ab ,g dld2:eie2 ,g^-^ - h \g hk ^ - ^Sp^, l,g mi ...m 3 ,n 1 ...n 3 ,9 qiq2 ' rir \g X y). (217) 
is the inverse of 

G AB = diag( 5a6 ,/ lrf2 ' eie2 , 59l ... 9 3,,,.., 3 ,^ fcl fefc2 - ^S k ^,g m ^ ni "^,g^, rin ,ff^). (218) 
Using the equation (17), 

M AB = G CD E A cE B D ^ (219) 

and equation (216) it is easy to show that 

M MN d M M KL d N M KL = 4g ab (d a E K c )G CE L F K (d b G EF )+2g ab (d a E K c )(d b L c K ) 

_ 2 g ah G CD G FG L F K L G L (d a E K c )(d b E L D ) 

+ g ab (d a G EF )(d b G EF ) (220) 

and 

M MN d N M KL d L M MK = -g ab g cd G KL L K N L L M (d b E N c ){d d E M a ) + g ab (d b g cd )(d d g ac ). (221) 
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Furthermore, 

M CD d a M CD = -2ASg cd d a g cd , 

hence 

M KL d M M MN d N M KL = -2A8(d a g ab )(g cd d b g cd ) (222) 

and 

M MN (M KL d M M KL )(M RS d N M RS ) = (248) 2 g ab (g cd d a g cd )(g^d b g ef ). (223) 

A simple calculation using the components of G AB and Gab, equations (217) and (218), and the 
components of L A b and E A b given in appendix B shows that 

g ab {d a E K c )G CE L F K (d h G EF ) = 6g ab (g cd d a g cd )(g e f d b g ef ), (224) 
g ab (d a E K c )(d b L c K ) = -80g ab (g cd d a g cd )(g ef d b g ef ), (225) 
g ab {d a G EF ){d b G E F) = Wg ab (d a g cd )(d b g cd ) - I2g ab (g cd d a g cd )(g^ d b9ef ). (226) 

In particular, note that these are independent of the form fields and only depend on the metric g. 
This is because Gab and G AB only depend on g ab . Moreover, Gab and G AB are diagonal and L 
and E are lower triangular so 

(d a E K c )G CF L E K (d b G EF ) and (d a E K c )(d b L c K ) 

only depend on the diagonal elements of L and E which are proportional to determinant of g ab . 
To calculate 

g ab G CD G FG L F K L G L {d a E K c ){d b E L D ) (227) 

in equation (220) and 

g ab g cd G KL L K M L L N (d b E M c )(d d E N a ) (228) 
in equation (221), we note that the building block of both these terms is 

D u A B = L A c(d u E c B ). (229) 

The components of D, see figure 3, are given at the end of this appendix. 
The evaluation of the components of D requires use of identities such as 

C aia2b V bc ^ = 2X^ c ^ [ai 5 c a % (230) 

where X is defined in equation (176). This identity is proved by using equation (175) to write C as 
a Hodge dual of V in the expression above and V in terms of C. Then the two epsilon tensors are 
contracted to give a Kronecker delta. Finally using 

t - / aia 2 a3 v _ 3! ^[ai^a^b^bz] — u i 

we find the relation given above, equation (230). Other useful identities are 

g- 1/2 c aia2a3 d u (g^v c ^ am ) = -v c ^ b ^d u c blb2b3 , (231) 

g- 1/2 C abci ... a4 d u [g 1 '^) = U ab d u C abci ... C4 , (232) 
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g- l/2 c aia2b d u (g^v*™*™) = v c ^ u ^d u c UlU2b - v u ^ u ^5^ i] d u c ulU2U3 . (233) 

Note that g l l 2 e a ^--- a » [ s the alternating symbol 



1 for (ai . . . as) = positive permutations of (12345678) 
— 1 for (ai . . . ds) = negative permutations of (12345678) , 
otherwise 



hence 

d u (y/ 2 e ai - as ) = 0. 
Furthermore, our convention for the contraction of two epsilon tensors is 



rai...a» 

J C\...Ci • 



5 e C i...cA +1 ...6 8 = «K 8 - 
As an example, consider the evaluation of D31, 

{DSl)J»<»<* b = {L3iy^ c d u (Ell) c b + {LZ2)^9zhh du ^ E2 i) hhb 

+ (Lssy^ ili2i3 d u (Esiy^ b . 

Note that since L is lower triangular there are only three terms contributing to D31. The components 
of L and E can be read from appendix B and inserted into the expression above 4 

(D31) u ^9S b = _L V 9l9293hf2 duChhb + _0= g -l/2 du ^ g l/2 § & U929 3] _ }_ g l/2 xgi ...g h ^ 

= ^jf^^d u C hf2b + ^9- 1/2 0u (g^tu^) 

- -Lg-^ Cflf2b d u (g^V^hh^ _ _L V 9,..9 5 hh duCfihbi 

where we have used the definition of X given in equation (176). Now, upon using identity (233), 
this reduces to 

(D31) u ™*> b = ^9- 1/2 d u ( 5 1/2 4 31 ^ 2931 ) + -^V^^Hf ] d u C tlt2t3 . 

With the exception of D61,D71,D81 and D72, the other components can be simply derived using 
identities (230)-(233). 

Showing that D61, D71, D81 and D72, vanish is not straightforward and involves the repeated 
use of identities (230)-(233). Expanding the D61 component we find thirteen terms of the form 

C (6 VdC {3) , C^C^dV, UC^dC^, C {3) C {3) VdC {3) and C (3) C (3) C (3) dV, 

where C i( - 3 ^ and denote the 3 and 6-form, respectively. Expressing C^VdC^ and C^C^dV 
as terms of the form UC^dC^ , it is easy to see that terms involving the 6-form cancel among each 
other. Further, writing terms of the form C^C^VdC^ and C^C^C^dV as the epsilon tensor 
multiplied by terms of the form C^VVdC^ we find that 

(DGl)u mxmymz b = ~ Y^^yyJ^^ c i--- c 5 m l m 2 m S^' a i a 2b^^ 1 °V 1231] 2 d u Cd 1 d,2dz ■ 



4 This can either be done by hand or using the computer algebra software Cadabra [61]. 
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This vanishes because an antisymmetrisation over nine indices in eight dimensions is zero. Similarly, 
D71, D81 and D72, also vanish upon repeated use of identities (230)-(233). 

Given the components of D it is now straightforward to evaluate expressions (227) and (228). In 
terms of the supergravity fields these terms are 



g ab G CD G FG L F K L G L {d a E K c ){d b E L D ) (234) 
=g ab G CD G FG D a F c D b G D 
=80g ab (g cd d a g cd )(g ef d b g ef ) + 10g ab g c ^ dM 

+ -^g ab g Cl "' ce " dl "' db (d a C cl ... Cfj - 20C clC2C3 d a C C4CBC6 )(dbCd 1 ...d 6 - 20Cd 1 d 2 d 3 <9f,Cd 4 d 5 d 6 ) 
+ f5 a W 1 - e8 ' /l - /8 ^, ei ... e8 , c F fe , / ,.. /8 , d , (235) 

where 

560 

Fa,ei...C8,b = da,C e ±...es,b ~ 28C[ ei ... e $\daC\ e7es \b — C b [ eie2 C e3eie5 \d a C\ e6ereg ] . (236) 

Similarly, 

g ab g cd G KL L K M L L N (d b E M c ){d d E N a ) 
=g ab g cd G KL D b K c D d L a 

J_ g a<i lg c lC2 c M{daCci cs){dbCdi ..^-^■■^■■■^FiZ MT F^ Jbr 

+ M6\) gClb9C1 Cb ' dl '" db (daC cl ... C6 - 20C clC2Cs d a C C4C5C6 )(d b Cd l ...d 6 - 20C dl d 2 d 3 d b Cd 4 d 5 d(i) 

_| ^_ n ab cd e 1 ...e 8 ,fi...f S p p j \ „ad be ei...e 8 ,/i.../ 8 p rp 

4(8!) r a,e 1 ...e s ,c-r b J 1 ...f 8 ,d T" 4^g|~j ^ " # r a,e 1 ...e$,cr b J 1 ...f$,d, 

(237) 

where F a ,ei...e 8 ,6 is as i n equation (236) and 

^i?..a 7 = 7 (^[oiCa2...o 7 ] + 2 0C[aia2a 3 5a4Ca 5 a 6 a 7 ]) • (238) 

Therefore, using equations (220), (224)-(226) and (235), 

M MN d M M KL d N M KL 
=Wg ab d a g cd d b g cd - 308g ab (g cd d a g cd )(g ef d b g ef ) - 20g ab g c ^ d ^ (d a C Cl ... C3 )(d b C dl ...d 3 ) 

~ ~ 7 2A^ ahgCl "' C6 ' dl '" d6 (9aC Cl ... C6 - 20C ClC2C3 daC C4C5Cfj )(d b Cd 1 ...d 6 ~ ^C dl d 2 d 3 d b C d4 d 5 d 6 ) 

^V'V'V /•;,....,.., /•),..;,.../;,,. (239) 

and from equations (221) and (237) 
M MN d N M KL d L M MK 

= g ab (d b g cd )(d d gac) - ^ adl <7 ClC2C3 ' M2d3 (a a C cl ... C3 )(5 6 C (i ,.. (i 3) + ^g a ^ b ^ F^^IU 
;g ab g Cl "' Cb,dl "' de (daC Cl ...c6 - 20C ClC2C3 daC C4C5Cfi )(d b C dl ...d(i - 20Cd 1 d 2 d :i d b Cd 4 d 5 d 6 ) 



4(6!) 

4(8!) ^ ^ ^ - a,ei...e 8 ,c- o,ji...j 8 ,a 4(8!) 



ei - e8 ' /l - /8 ^,e,..e 8 , c ^/ 1 .../ 8 , rf - TTTj-.'/'"'//'" .'/' 1 7 - A /•:,,, /•/,/,../;,,. (240) 
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Finally, putting together equations (222) , (223) , (239) , (240) , in terms of the supergravity fields 
the potential, (215), is 

V = \g ah d a g cd d b g cd - l -g ab d b g cd d d g ac + l -(d a g ah ){g cd d b g cd ) + \g ab (g cd d a g cd )(g^ d b9ef ) 

- ^g ab g ClC2cMds d a c ClC2C3 (d b c dld2d:i -3d dl c bd2d ,) - ^/ 1 "- a7M "- b7 F^ Mr F^ bT 

■ ^rry.'/'V"// 1 ; - A /•:,,,.,.., /•),./,../.,/• (241) 

The first term is the Ricci scalar of metric g, up to integration by parts. This expected because the 
coefficients of the terms in V, equation (215), were fixed so that the Ricci scalar would be recovered 
when all other fields are zero. However, the potential also gives the dynamics of the other fields as 
well. Defining 

F (4) = 4<9r C i 

A ai...a4 "[ai K - / a 2 a 3 a4\7 

V — ft( n ) ]_ ai...04,6i...6 4 p(4) p( 4 ) _ J_ a 1 ...a 7 ,b 1 ...b 7 j?(7) j?(7) 

v — nyg) r a 1 ...a 4 . r b 1 ...b 4 g,i/ r a 1 ...a 7 r bl ...h 7 

+ ^rtV 1 --- e8 ' /l --- /8 ^e,.. e8! c^/,../ 8)(i - (242) 



C.l Components of D u A B 

The components of 

are given below: 



D u A B = L A c d u E c 



(£>ll) u ° b = 0, (243) 

(D2\) u dld2 b = —j=d u C dld2b , (244) 

(D31) u ™™ b = ^9- 1/2 d u (g 1/2 S [ b 9l U^) + J^V^^SfduCt^, (245) 

(D41) ujl » b = - \5f (V^^y.j - l -U^d u C ntlt2 + i^^w.) 

+ ^ (g- l,2 d u (g l l 2 Y b ) - \u^d u C Ult2 + L X ^ b d u C tlt2t )j , (246) 

(D51) u b = -jj= (V 1/2 d u (3 1/2 n) - hj^duCu^ + j^X^hduCt^ , (247) 

(D61) u mim2m3 b = 0, (248) 

(D71) u 9192 b = 0, (249) 

(D81) u xb = 0, (250) 
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(D22) u dld2 6162 = 0, (251) 

{D32) u 919293 6162 = -7^9~ 1/2£, u (g 1/2 V 9l929seie2 ^j , (252) 

(D42) uj * eie2 ~S^ 2 (g^d^U^ 2 ) + \v^ t2t * d u C tlt2t )j 

- (g- 1/2 d u (g 1/2 u^ 2 ) - \v tlt2t ^ 2 d u C tlt2t )j , 

(253) 

(D52) u eie2 = --L V eM2ts d u C tlt2t3 - \ 9 - l/2 d u (g^U^ 2 ) , (254) 
(D62) umm e ^ 2 = -^5^ 2 m2] (g-^d^Y^) - ^ 2 d u C {ni[i]tlt2 

+^X tlt2t3 \m 3 ]duC tlt2t: ^ , (255) 

(D72) u qiq2 6162 = 0, (256) 

(D33) u 919293 hlh2h3 = ^gSGT 1 ^). ( 257 ) 

(D43) u n > 2 hlh2h3 = y| (d u C jl[hlh2 S j2 3] - \^d u C hlh2h )j , (258) 

(D53) u hih 2 h 3 = -^j^vPhxhtfizi (259) 
1 5 

(DQ3) U mi m 2 m3 h\hihz = ~ ~^puC m \ mimzh\hihz + l^\m\m^m3\duC\h\h<ih,3\ i (260) 

(DU) U n n \ 2 = \ {titf* - Up k k ^ (g-^g), (261) 

(£>54) u % 2 = 0, (262) 

(263) 

D55 = ^(g- 1 d u g), (264) 

(D66) u mim2m3 ™»» = \^U9~ l dug), (265) 

{D71) u ^ 2 rir2 = 5™ 2 2 (g-'dug), (266) 

(D88) ux y = Sy(g- 1 d u g). (267) 
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Figure 3: Components of Du^b = L A c{d u E c b) 
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